There have been recent rapid developments in stable trapping of levitated nanoparticles in high vacuum. Cooling of nanoparticles, from phonon occupancies of 10 7 down to 100 − 1000 phonons, have already been achieved by several groups. Prospects for quantum ground-state cooling seem extremely promising. Cavity-cooling without added stabilisation by feedback cooling remains challenging, but trapping at high vacuum in a cavity is now possible through the addition of a Paul trap. However, the Paul trap has been found to qualitatively modify the cavity output spectrum, with the latter acquiring an atypical "split sideband" structure, of different form from the displacement spectrum, and which depends on N , the optical well at which the particle localises. In the present work we investigate the N -dependence of the dynamics, in particular with respect to thermometry: we show that in strong cooling regions N 100, the temperature may still be reliably inferred from the cavity output spectra. We also explain the N -dependence of the mechanical frequencies and optomechanical coupling showing that these may be accurately estimated. We present a simple "fast cavity" model for the cavity output and test all our findings against full numerical solutions of the nonlinear stochastic equations of motion for the system.
Introduction: Levitated Optomechanics
Much experimental effort is currently being invested in the development of optomechanical set-ups aimed at cooling levitated nanoparticles, from room temperatures down to the quantum regime [1] . Quantum levitated optomechanics offers the prospect of mesoscopic and even macroscopic quantum oscillators with extremely high quality factors and largely decoupled from environmental heating and decoherence. Achieving a high Q -while maintaining low mechanical frequencies (∼ 100 kHz) and comparatively high masses (∼ 10 7 − 10 10 amu) -would make levitated schemes useful for cat-state preparation [2] , matter-wave interferometry [3] , tests of collapse theories [4, 5] , and ultra-sensitive short-range force sensing [6] .
In a cryogenic environment, MHz-GHz oscillators have reached the ground state at 25 mK [7] or even higher [8, 9] in clamped set-ups. However, µK temperatures are needed to attain phonon occupancies ofn b 1 in levitated nanospheres, and cooling from room temperatures is required in most proposed set-ups. Ultra-high vacuum pressures are also needed since ambient gas represents a major source of heating. Although several alternative schemes were proposed in 2010 [10, 11, 12] ground state-cooling has not yet been achieved in any levitated system. The key challenge lies in keeping the particle stably trapped while reducing ambient pressures down to ultra-high vacuum. A particle loss mechanism near ∼ 1 mbar has been identified [13, 14, 15] . While not fully understood, the dependence of particle loss on pressure or laser intensity has been investigated by several groups [15, 16, 17] in a range of different optical traps.
Active cooling with optical feedback provides one effective means to stabilise the nanoparticle and trapping at pressures down to ∼ 10 −6 − 10 −8 mbar has been achieved. MilliKelvin and submilliKelvin temperatures [18, 19, 20, 21] have been demonstrated and in [21] , a phonon occupancy ofn b 63 was measured. Although extremely promising, further progress with this approach hinges on overcoming the technical challenge of measurement noise-limited feedback cooling at lown b [21] .
Progress towards the usual optomechanical technique of red-sideband cooling in an optical cavity has proved slower, since passive cooling methods cannot sufficiently stabilise the nanoparticle motion as pressures are reduced past the ∼ 1 mbar bottleneck. In [17] , loading of a particle into a cavity already at high vacuum by means of a mobile fiber and lens trap was successfully demonstrated with the aid of feedback. Recently, in [22, 23] , a hybrid trap set-up comprising a Paul trap within an optical cavity was shown to trap nanoparticles for indefinite times at high vacuum and without any additional stabilisation.
More broadly, the field of levitated optomechanics continues to experience rapid new development: sympathetic cooling of the centre-of-mass motion by cold atoms has been proposed as an alternative means of achieving ground-state cooling [25] ; there is now considerable interest in investigation of rotational modes of aspherical nanoparticles [26] . An interesting new development is the study of torsional modes of motion in levitated nanodiamonds with spin degrees of freedom [27] . Trapping with a type of Paul trap has found an interesting new direction in [28] where electron spin resonance was demonstrated with a levitated nanodiamond.
( b ) Figure 1 . (a) A hybrid electro-optical trap comprises a Paul trap inside an optical cavity. The whole set-up is inside a vacuum chamber. The Paul trap stabilises the nanoparticle held in the combined potentials due to the optical standing wave of the cavity V opt and ion trap V ion while the background gas is pumped out. (b) Axial dynamics: a nanoparticle trapped in a single optical well of the optical potential of the cavity oscillates with a frequency ω M about an equilibrium point x 0 . However, because of the oscillating ion trap field, the position of the equilibrium point itself oscillates slowly with time x 0 ≡ x 0 (t) = X d sin ω d t. Linearised analysis is still possible since ω d ω M , so these motions are separable. The dynamics depend on which well N the particle is captured, since the amplitude of the oscillation in the equlibrium point, X d ∝ N , depends on N . Small N 1 corresponds to a negligible effect on x 0 and weak cooling. In contrast, higher N corresponds to a larger amplitude oscillation in x 0 and strong cooling. Another effect of the x 0 (t) oscillation is to slightly modulate the mechanical frequency ω M (t) ω M + 2ω 2 cos 2ω d t, as well as the optomechanical coupling g(t) = 2ḡ sin ω d t. As a result, the intracavity spectrum S yy (ω) has a very different shape from the mechanical displacement spectrum S xx (ω). In the present work we investigate the N -dependence of the mechanical frequency and the optomechanical cooling. A key motivation is to examine the usual assumptions which underline optomechanical thermometry, and whether the temperature of a particle in this hybrid trap may be accurately inferred from the sidebands of the cavity output spectrum.
While certain technical challenges remain, the way to ground-state cooling with an optical cavity now seems open, either with or without feedback. There are a range of strong motivating factors: a Fabry-Perot optical cavity provides an exquisitely sensitive means of sensing displacement, exploited recently for the detection of gravitational waves in LIGO [29] where a sensitivity of 10 −18 m was achieved. Importantly, levitation in a cavity allows a non-trivial two-way dynamics between the nanoparticle motion and the cavity mode. This allows immediate access to quantum effects arising from the zero-temperature optical field in the cavity. Optical trapping, whether in FabryPerot cavities or optical tweezers is a result of the dipole optical force acting on a dielectric particle, which implies a potential V (x) = − 1 4 |Re α ind |E 2 (x ) that depends on the particle polarisability α ind as well as electric field E. However, interaction with the cavity standing wave field E(x) ∝ cos kx represents more than a simple trapping field; the particle shifts the cavity resonant frequency in a position-dependent way, introducing a back-action between the particle motion and the cavity mode degrees of freedom. The net effect is a change in the effective cavity length by the levitated particle, leading to dynamics analogous to the usual clamped cavity optomechanics case where one effectively has a two coupled oscillator system. For clamped set-ups in the quantum regime, this coupling has already allowed interesting demonstrations of quantum back-action effects [30, 31] arising from quantum correlations between incoming cavity noise and the intracavity field.
It is therefore of particular interest to understand the dynamics of the cavity in a Paul trap set-up with no feedback [22, 23] which most closely approximates the usual scenario of cavity optomechanics, with two linearly-coupled oscillator modes. The previous studies in [22, 23] have shown, however, that the cavity output differs qualitatively from the usual case: the experimentally observed sidebands of the cavity light, detected by homodyne or heterodyne methods, have a very different spectral profile from the displacement spectra. The distinguishing feature of the cavity spectrum S yy (ω) are pairs of peaks at ω (ω M ± ω d ) and at ω −(ω M ± ω d ) , where ω M is the mechanical frequency and ω d is the drive frequency of the oscillating Paul trap. In contrast, the displacement spectrum S xx (ω) remains peaked at ω ±ω M .
In [24] a theoretical quantum model based on the linearised dynamics was developed to describe these 'split-sideband' spectra. The model considered the effect of slow modulations of the optomechanical coupling g(t) = 2ḡ sin ω d t and of the mechanical frequency ω M (t) = ω M + 2ω 2 cos 2ω d t. These modulations modify S yy (ω) substantially: with increasing ω 2 , sideband shapes become asymmetric as the amplitudes of the peaks within each pair become unequal. For ω 2 ∼ 2ω d , the ω ±(ω M + ω d ) peaks are fully suppressed. Note that the above is distinct from Stokes/anti-Stokes asymmetry where (when the mechanical oscillator is near the quantum regime) there is asymmetry between ω −ω M and ω +ω M sideband features of the cavity output.
In the present work we also investigate the implications of these characteristics for thermometry: a key question is whether the oscillator temperature may still be reliably inferred from this, atypical, cavity output. We also investigate in detail, by means of simple models and comparisons with full numerics, the behaviour of the mechanical frequencies and optomechanical coupling.
In section 2 we review the dynamics of the hybrid trap, and show how the Paul trap modifies ω M , g and to some extent also ∆, the detuning of the laser from the cavity resonance, by inducing a well-dependent excursion in the equilibrium position. In section 3 we investigate the shape of the cavity output spectrum relative to the displacement spectrum; we also derive the dependence of g,ω M and ω 2 on experimental parameters, in particular the optical well N where the nanoparticle becomes trapped. A key finding, of importance for any potential sensing applications, is that that Figure 2 . Compares experimental data, against numerical simulations using a stochastic Langevin model, of the cavity output S youtyout (ω). For a particle caught in the lowest optical wells (N ∼ 1) there is a strong sideband peaked at ω 2ω M due to the presence of position-squared (x 2 ) coupling to the light. In contrast, the effect of the usual optomechanical linear coupling term gx gives rise to a double-peaked structure centered on ω ω M . With increasing N , the particle becomes colder and the nonlinear peak becomes relatively weaker, since for a cold particle the x 2 dependence is strongly suppressed. Note that the linear peak for N = 40 has larger area than for N = 1 despite the stronger cooling because of the stronger optomechanical coupling, since g ∝ N . The mechanical frequency in this system is slightly modulated ω M (t) ω M + 2ω 2 cos 2ω d t. We show here its central value depends on N henceω M ≡ω M (N ). As shown in the figure, the double peaked structures are centered onω M (N ). Here we present a model which will enable one to read N and hence to inferω M (N ) and ω 2 (N ) from the measured cavity output. Data is from [23] at pressure P 10 −2 mbar, laser detuning ∆ = −60 × 2π KHz, input power P in = 0.07 mW, finesse F = 50, 000, and ion trap frequency ω T 500 × 2π Hz.
the central frequency depends significantly on N , henceω M ≡ω M (N ) and this is investigated in section 3. In section 4 we consider a simple model valid for the fast cavity regime κ ω M and we show this fast-cavity model can be used to obtain split-sideband asymmetry. In section 5, we analyse thermometry with split-sideband spectra. We show the area under a properly normalised cavity output still reliably gives a temperature consistent with the results obtained from simple period-averaging (i.e., using period-averaged parameters in standard optomechanical expression for cooling rates). In addition to the new analysis in sections 3 and 4, figure 3 and figure 4 represent the main new results. All our analytical findings are verified against nonlinear, stochastic numerics. We summarise and conclude in section 6.
2. Review: Dynamics of the hybrid Paul-trap in a cavity set-up
We consider a charged, dielectric nanosphere levitated in a hybrid trap that combines the optical potential from the standing wave in the cavity with the ion trap potential:
where |a(t)| 2 represents the (fluctuating) photon number in the cavity, and x is the coordinate along the cavity axis, as shown in Fig , where m and Q are the mass and charge of the bead, V 0 is the voltage, and r 0 is a parameter which characterises the ion trap (see [32] for a review of quadrupole ion traps). In the set-up of [23] , A 2π × 26 kHz, L = 1.3 cm, w = 60 µm, R = 200 nm, r 0 = 0.5 mm, ω d = 1500 Hz and V 0 = 300 V. In [13] it was found that R = 200 nm nanoparticles are still reasonably well described by point-dipole approximations, despite their size.
Dipole/gradient forces allow the nanosphere to be captured in one of the optical wells where it oscillates about the antinode (x 0 = 0) with a mechanical frequency ω M ω d which is fast relative to the ion trap drive. We label the optical wells by N , where N ∈ [0 : ±1000] is the representative number of wells spanned by the Paul trap dimension r 0 . In the absence of the Paul trap, ω M is insensitive to the well number N the bead is caught in. However, the effect of the ion trap is to periodically pull the charged bead away from the antinode and across the optical well with the drive frequency ω d . This slow, harmonic excursion in the equilibrium position x 0 (t), in addition to a fast mechanical oscillation about x 0 , is a characteristic of the hybrid trap dynamics (see figure 1 ) that not only drives cooling, but also causes well-dependent (N -dependent) optomechanical modulations. Figure 1 illustrates how the Paul trap removes the x-invariance of the different optical wells of the cavity standing wave V opt . The dynamics become well-dependent, with low N associated with a small x 0 excursion, and a dominant quadratic coupling; while a high-N catch resulting in a large x 0 (t) and strong cooling. Both regimes were experimentally observed in [23] .
In the present paper, we solved the equations of motion in the combined potential of (2). However, cooling dynamics occurs primarily in the axial direction, so in the modelling and analysis of the linearised motions below, we focus on the axial (x) degree of freedom. In the numerical simulations, we always consider the full 3D equations of motion with the addition of a Gaussian noise bath which, in the absence of cooling, yields steady state temperatures of T 300K. Full details were presented in [23] , but in the axial direction we solve:
and the noise terms arise from the background bath of gas at room temperature:
where n B = k B T /( ω M ), with T B = 300 K and k B is Boltzmann's constant. ζ x and η(t) are modelled as Gaussian random noise. For the levitated experimental parameters used here, Γ M ≈ 0.11 × 10 4 P s −1 where the pressure P is in mBar.
For the optical mode, we solve:
Here η(t) is assumed to be photon shot noise, where
where E is the amplitude of the laser driving the cavity with photons of frequency ω l ; it is related to the input power P in (for a critically coupled cavity) by
For a cavity detuned by ∆ from resonance, this results in a mean cavity photon number n =
Since the steady state photon number is very large , we note V opt = A|a(t)| 2 cos 2 (kx)F(y, z) An cos 2 (kx)F(y, z) so the optical potential is typically nearly independent of time.
The numerical equations are nonlinear as well as stochastic. Crucially, the numerics make no assumptions concerning the behaviour of ω M , optomechanical coupling strength g or even the modulation in the spring constant (the parameter ω 2 , discussed below) arising from the excursion in x 0 . All of these, including the excursion in x 0 (t), emerge from the numerics, once experimental parameters such as laser input power P in , detuning ∆, nanosphere charge Q, and well N are set. We note that Q varies between experimental runs, as does N the optical well the particle was captured by; Q and N cannot currently be preset in the experiments and varied unpredictably from one run to the next.
Thus the numerics provide a stringent and independent check on the theoretical analysis based on optomechanical theory and linearised dynamics. Figure 2 shows a comparison between the stochastic numerical simulations of the cavity output and data, for optical capture in low N , showing that solving the full nonlinear equations of motion accurately reproduces detailed features of the data. At the lowest N , as shown in [23] , the cavity spectra are dominated by position squared coupling to the light. This is not investigated in detail here: x 2 coupling effects are strongly suppressed with increasing N , and in the high cooling regimes of N 100, linear dynamics predominates. Of more significance is the striking 'twin-peak' sideband structure seen near ω ω M ± ω d . For N 100 in fact, these peaks become asymmetric with a ratio 0 ≤ r < 1 of the amplitudes of the two peaks. This ratio also depends on N . In the following section we analyse these effects from the linearised dynamics, both classical and quantum.
Linearised classical dynamics
Although we do not have to input values of ω M or g into the numerics, one may obtain good analytical estimates from the linearised dynamics, given values for the Paul trap drive frequency ω d , voltage V 0 , detuning ∆, input power P in , as well as nanosphere charge Q and intracavity photon number n. For convenience, we shift the origin to the antinode of the trapping well,
instead of the origin of the Paul trap at x = 0. We then adopt the usual procedure of linearising about small displacements in position x(t) → x 0 + x(t) and optical field a(t) →ᾱ + a(t). Hence n = |ᾱ| 2 is the mean number of photons in the cavity.
In the case of the hybrid trap, however, x 0 is time-dependent. From the zeroth order dynamics, we can show [23] :
From the first order dynamics we can show [23] :
and that with the x 0 (t) excursion, the optomechanical parameters are given by:
Since ω d ω M , however, x 0 (t) varies slowly on the time-scale of a mechanical oscillation allowing separate consideration of the motions; thus we can use the instantaneous values of x 0 (t), and substitute values from (6) into the above equations.
Linearised quantum dynamics
The quantum dynamics were investigated in [24] by considering modulations in the optomechanical coupling g(t) = 2ḡ sin ω d t and mechanical frequency ω M (t) =ω M + 2ω 2 cos 2ω d t. In the present section, we briefly discuss the dependence of a general optomechanical system on these types of modulations: the behaviour is generic, in the sense that the resulting split-sideband spectral structure could be obtained in any set-up where the spring constant and g are both modulated. In the next section we consider howḡ,ω M and ω 2 vary in the specific case of the hybrid trap.
In the quantum regime, very analogous equations are obtained by considering small quantum fluctuations about equilibrium classical valuesx(t) → x 0 +x(t) and optical fieldâ(t) →ᾱ +â(t) The quantum dynamics is given by the linearised quantum Hamiltonian:
whereâ † ,â are creation and annihilation operators for small fluctuations in the cavity mode about its equilibrium valueᾱ, whilex ≡b +b † in appropriately scaled units. The corresponding equations of motion may be solved in Fourier space and one obtains the well-known expression:
whereŷ(ω) =â † (ω) +â(ω). This expression relates the intra-cavity field amplitude quadrature to the particle motion; an analogous expression can be written for the phase quadrature of the optical field (note that for ∆ = 0, only the phase quadrature couples appreciably to the motion; however we are considering non-zero ∆ in the present work).
However, if one considers modulated parameters g(t) = 2ḡ sin ω d t and mechanical frequency ω M (t) =ω M +2ω 2 cos 2ω d t, which are substituted into (11) followed by solution of the corresponding Heisenberg's equations of motion, including dissipative terms, one now obtains instead:
We define the functions
, given in terms of the usual optical susceptibility χ O (ω) = −i(ω + ∆) + κ 2 −1 and mechanical susceptibility
One may also obtain the quantum displacement spectrum:
The origin of the 'twin peaks' behavior is clear from (13): the g-excursion couples the optical field to shifted displacementX
Conversely, it is also apparent from (15) that the ω 2 modulation causesx(ω) to develop sidebands atω M ± 2ω d . The fact that the cavity spectrum is related to a frequency-shifted displacement (and vice-versa) makes this system different from the canonical optomechanical system whereŷ(ω) is simply related tox(ω).
By means of iterative substitution of (14) in (13) (and vice-versa) an approximate solution to the cavity output spectrum may be obtained, which was found to give good agreement with numerics for moderate values of ω 2 . It was found that the asymmetry which develops between peak heights as ω 2 increases, is due to interference effects. Details are in [24] but from these solutions, an expression for ratio r of the heights of the two peaks was obtained:
While in [24] these behaviors were investigated for an arbitrary optomechanical system, the corresponding modulations also arise naturally for an optically-trapped particle with a sinusoidal modulation x 0 (t) of the equilibrium position of the oscillator. Taking g(x 0 ) and ω M (x 0 ) from (8) to (10) it is shown in the next section that they lead to similar modulations of the mechanical frequency ω M (t) ω M + 2ω 2 cos 2ω d t as well as g(t) = 2ḡ sin ω d t. The N -dependence specific to the hybrid trap emerges only when we substitute (6) in (8) to (10) . Comparisons with numerics found that r is reasonably approximated by Eq. 15 provided ω 2 ω d . For larger ω 2 , the ratio r must be estimated numerically.
Results: N -dependence of experimental parameters
Because of the x 0 (t) excursion, the hybrid trap exhibits atypical cavity output spectra. For N = 1 (figure 2), the modulation of x 0 is minimal and does not change the optomechanical parameters Additional weaker sidebands at ω ω M ± 2ω d are also seen at higher N . In contrast, S youtyout (ω) is mainly peaked at ω ω M ± ω d ; For low N , a 'twin peaks' structure is seen; with increasing N an asymmetric pair develops as the ω ω M + ω d peak is increasingly suppressed. We compute the asymmetry ratio using a fast-cavity model which predicts complete cancellation ofω M + ω d peak at N ≈ 362 (marked by ×). Higher-order sidebands atω M (N ) ± nω d for odd n also appear as the frequency modulation becomes stronger. (b) Shows individual spectra for N = 1 (twin peaks) and N = 300 (asymmetric peaks). Numerics ≡ red and analytical fits ≡ black. Input power P in = 0.6 mW, pressure P = 5.4 × 10 −2 mbar, laser detuning ∆ = −100 × 2π kHz, and ion trap frequency ω T 630 × 2π Hz.
significantly (although spectra here are strongly affected by position-squared coupling). For higher N 100 only the linear coupling is significant; however, instead of the usual single peak at ω = ω M there is a pair of sideband-peaks at ω M ± ω d . Substitution of (6) in (8) gives the optomechanical coupling in terms of N :
which oscillates about an N -dependent mean:
Another consequence of a high-N catch is the Paul trap pulls the nanosphere away from the antinode and towards the linear region of the optical well, thereby modulating ω M as well. We square (6) and (10), add them, and then solve for ω M (t):
Expanding up to second order in ζ, we obtain:
where:ω
with ζ = . Equation (19) underlines the non-trivial, two-way interaction between the cavity and Paul trap field a hybrid trap: the mechanical frequency is shifted and modulated by the Paul trap, while the secular frequencies of the Paul trap acquire a "cavity-shift" from the optical field [23] . We verify this through numerics where we solve nonlinear coupled Langevin equations using stochastic Runge-Kutta algorithm. We run the simulation for the same parameters as the strong cooling data in figure 4 of [23] , and present the cavity spectra for N = 1 : 500 in figure 3a . The right panel clearly shows the twin peaks at low N , with progressive suppression of ω ω M + ω d . Note that as the map is a log plot, the weak but more complex structure at high N is emphasized.
The mechanical frequency shifts by about 10%, in agreement with (20) . For comparison we overlay the value ofω M (N ) obtained from (20) , showing reasonable agreement up to about N 400. Obtaining agreement for higher N 400 becomes increasingly challenging. One potential source of the discrepancy may be because, in using (7) to calculateω M , |ᾱ| 2 has to be appropriately corrected as a result of a modified detuning (9) . It also has an N dependence since ∆(N ) ≈ ∆ + A − 2AζN
2 . The modulation of ∆ due to the change in x 0 (t) is usually a minor effect, provided ∆ A and κ |∆|. This approximation is tested here by the comparisons with the numerics which involve no linearisation: in the numerics the effective detuning, as well as ω M and g, are emergent properties, not input parameters.
It is important to note that theω M (N ) shifts are quite different from the usual optical spring effect seen in standard optomechanics and can be significantly larger. As for the modulation of Results are given as a function of N , the optical well where the nanoparticle is trapped. The blue line represents the values using the standard optomechanical cooling formula with a periodaveraged couplingḡ(N ). Agreement between the three methods is excellent, except the very lowest few capture wells N 10 where there is a strong contribution from the position-squared coupling term. In this case, the cavity output estimate (which integrates over both linear and nonlinear sidebands is much larger than the value estimated from S xx (ω). The inset shows the final phonon occupancy scales as N −2 . Upper panel parameters are for a high-finesse cavity F = 200, 000 which can yield ground state cooling for capture in high wells N 300 − 500 for pressures P = 10 −6 − 10 −7 mbar; input power P in = 0.6 mW, laser detuning ∆ = −70 × 2π kHz, ion trap frequency ω T 630 × 2π Hz. Lower panel parameters are as for figure 3. the frequency, it is characterised by a quite small amplitude ω 2 ω M (N ), so it is surprising that driving the system so far off-resonance with the mechanical frequency is associated with a dramatic change in the output spectrum: the ratio r → 0 for N ≈ 400. In the quantum model, the underlying cause was shown to be (eg see Eq. (15)) to be a resonance between ω 2 and the drive frequency, when ω 2 2ω d . In the next section we introduce an analytical fast-cavity model which gives a different perspective to this suppression of one of the 'twin peaks'.
Results: Further analysis of sideband asymmetry
In this section we consider an alternative means to understand the sideband asymmetry in the hybrid trap. Although not central to the study of thermometry, it adds physical insight.
Consider the linearised interaction Hamiltonian: H lin OM = g(t)x(t)y a (t), where y a (t) ≡â † (t) + a(t) is the amplitude quadrature of the cavity field.
The displacement x(t) = X M (t) + x 0 (t) may be decomposed into a sum of a fast mechanical oscillation and a slow drift in the equilibrium position. The fast oscillation is X M (t) X M cos Φ M (t) where X M is the variance of the thermal motion and the accumulated phase Φ M (t) = (ω M + 2ω 2 cos 2ω d t )dt . Hence, we write:
Substituting (16) and (22) into the interaction Hamiltonian we obtain:
. (23) Expanding the expression with Bessel and trigonometric identities, and discardingω M ±3ω d terms,
where J i is the ith-order Bessel polynomial of the first kind parameterised by φ = φ(N ) = 
We may also derive the split-sideband ratio using a fast-cavity picture. For κ ω M , the cavity field a(t) instantaneously follows the mechanical motion; for optical trapping however, a(t) ∝ cos 2 kx(t); light scattered from the cavity has a similar dependence. Substituting the form for x(t) from Eq.22, the Fourier transform of cos 2 kx(t) may be used to calculate the cavity output PSD.
In general, sidebands ofω M (N ) ± nω d , n = 1, 3, 5, .. will appear, as observed in figure 3 . With a more sophisticated detection, we may be able to resolve these higher-order sidebands in the experiments. For now, however, we are interested with the coefficients ofω M (N ) ± ω d and their ratio:
With the simultaneous excursions in g and ω M , the optical field remains equally sensitive to the split-frequencyω
; this happens at N = 0. As N increases and ω 2 (N ) becomes stronger, the twin-peak evolves into an asymmetric pair. In fact, one of the peaks completely vanishes when the condition J 0 (φ) = J 1 (φ) is met, i.e. when φ(N ) ≈ 1.4. We see this condition clearly from (25) as well. For the parameters in figure 3 , numerics indicate that complete cancellation happens at N ≈ 400, while the fast-cavity model predicts N ≈ 362. The quantum model, valid for both fast and slow cavities, gives an even closer estimate: ω 2 (N ) ≈ 2ω d at N ≈ 419. As withω M (N ), accuracy could be improved by considering ∆-modulation that corrects |ᾱ| 2 .
The absence of Γ M in (25) means the ratio persists even as the pressure is lowered. However, as we have not included quantum noises, the fast-cavity description is valid only in the thermal regime; the sideband ratio changes when quantum correlations become significant [24] . But, even if the quantum model may be extended to the ground-state, it is a linearised description. The fast-cavity model, while fully classical, includes all nonlinear behavior including the quadratic x 2 -coupling that dominate low-N dynamics. This is not predicted by the quantum model. In the weak cooling regime, only the fast-cavity model is able to describe the dynamics, allowing the ratio of ω M ± ω d to 2ω M to be obtained [22] .
In the next section we outline how to do thermometry with a normalised cavity output usinḡ g(N ) andω M (N ) that we derived in section 3.
Results: Split-sideband thermometry
As illustrated in figure 2 and figure 3 , the sidebands of the cavity output field in the case of a hybrid trap differ qualitatively from the standard case, with split-sideband structures seen both at low and high N . For low N (weak cooling), S youtyout (ω) has twin-peak pairs near ω = ±ω M and a further large peak at ±2ω M due to x 2 coupling to the light. For higher N (strong cooling), the split-sideband becomes asymmetric and the position-squared effects are strongly suppressed. As we are interested in strong cooling, we do not consider x 2 coupling here. A key question we test here is whether usual procedures for inferring temperature experimentally are still reliable for these non-standard output spectra.
In the canonical optomechanical case, the PSD of the position spectrum S xx (ω) may be deduced from the cavity output (in this case exemplified by the amplitude quadrature) from the approximate relation:
where the optical susceptibility η(ω) = χ O (ω) − χ * O (−ω) was defined in Sec 2.2. The expression may be deduced from (12) , but neglecting theŶ in terms. In the limit of long measurement time, the Wiener-Khinchin theorem connects the Fourier transform of the autocorrelation function with the power spectral density: S xx (ω) = |x(ω)| 2 . The area under S xx (ω) then gives the variance |x| 2 which the equipartition theorem relates to temperature [33] :
Using (26) and (27) , the temperature can be extracted from a properly normalised cavity output:
Note that in the standard case, S xx (ω) and S youtyout (ω) have very similar shapes and are peaked at ω M . All the constant coupling parameter g does is to rescale the area under S youtyout (ω). It is implicit that the above integrals are over the mechanical sidebands only. This is especially important in the numerics or near the quantum regime since S youtyout (ω) may have a background arising from so-called imprecision noise, due to shot noise or classical laser noise. Near the quantum regime, the area of the sidebands is small and the background can contribute a significant error if the integral spans a frequency range larger than the sideband.
For hybrid trap experiments and simulations however, the equivalent expression to (26) is:
The optical field now probes the shifted displacement spectrum:
Equation (29) was derived in [24] for arbitrary optomechanical coupling, but which we have explicitly related in Sec.3 N in (17); henceḡ ≡ḡ(N ). In a manner similar to (27) , we can extract the temperature from S X ± X ± (ω):
In the thermal regime, (29) relates S X ± X ± (ω) to a properly normalised S youtyout (ω); (30) becomes
which relates the temperature to the split-sideband cavity output spectra, via an N -dependent normalisation.
In figure 4 we test (31) . We obtain the temperature independently by calculating the area of S xx (ω) obtained from the full stochastic numerics; this is accessible to theory but not usually to experiments measuring homodyne or heterodyne cavity spectra. We compare this temperature with that obtained from a numerical simulation of S youtyout (ω).
Additionally, we also estimate the temperature (in K) from the balance between heating and cooling rates. The dissipative part of the effective response function gives the optomechanical cooling rate [33] :
−1 [33] .
As it depends on g 2 (t), the cooling rate varies cyclically, reaching a maximum when the bead is at the linear region of the optical well. Knowing that g, ω M , and ∆ have N -dependent average values, we use (17), (20) , and∆ = ∆ + A to get the time-averaged optomechanical cooling rate:
An effective temperature can then be obtained:
For high N , the accuracy of (33) is limited by the small-angle approximations we used in deriving the shifted average parameters; nonetheless, figure 4 shows good agreement, at least for high N , between the three methods: time-averaging (33), from the area of the sidebands of S xx (ω) and of the normalised S youtyout (ω).
There are some evident discrepancies. For really low N , however, we see a discrepancy that can be explained by noting the cavity output spectra S youtyout (ω) are dominated by the nonlinear x 2 -coupling sidebands at ω ±2ω M . This sideband is not present in S xx (ω); this source of error could be improved by integrating only the area under the ω ∼ ω M sidebands; nevertheless, care is needed for N 100.
In the important sideband resolved case of figure 4(a) which can lead to ground state cooling, there are increasing discrepancies with lower pressure as the sideband area becomes small; this is partly a numerical error which requires stronger averaging by the stochastic numerics; however, the systematic overestimate of temperature by S youtyout (ω) is attributed to the contribution from the imprecision floor (from laser shot noise). With knowledge of ω M this can be improved by integrating strictly only over the frequency range under the sidebands; as the mean frequency changes with N , at present the numerics integrate over a much wider frequency range than is spanned by the sidebands.
For the case of the fast cavity, there is also a systematic over-estimation of the temperature from S youtyout (ω) even at the highest pressures, where the sideband area is large and the imprecision noise contribution is negligible. We attribute this to the uncertainty in g(N ); The temperature depends on (g(N )) 2 so is sensitive to this value; this may indicate that the analytically computed g(N ) in the fast cavity dynamics is underestimated by 20 − 30%. There is also an extremely large discrepancy between the Langevin numerics and the optomechanical formula for low N ; calculation of sideband area in this regime is numerically challenging: since Γ M ∝ P , in this case, the cooling rates Γ opt (N ) → 0 for low N (e.g., for the experiments considered here, Γ M ≈ 0.11 × 10
where the pressure P is in mBar). The sidebands are thus extremely narrow so the numerical estimation of the area under the sidebands becomes very difficult. Figure 4 also indicates the approximate point where r ≈ 0 and a single peak (as opposed to a twin-peak structure) dominates the sideband structure of the cavity output. This provides a signature of high N capture. The inferred value of N represents a key source of uncertainty for experimental thermometry since N is at present inferred from the sideband shape. Fortunately for N 100 the variation of temperature on N is sufficiently slow, that an uncertainty in N ∼ 10−50 still allows a reasonable estimate of g(N ).
Summary and Conclusions
The use of Paul traps has opened the way for ground state cooling of nanoparticles in optical cavities, without the need for additional feedback cooling and at high vacuum. However, the resulting quantum noise spectra are atypical and complete understanding of the cavity output is essential not only for thermometry but also for any future sensing applications. The complex split-sideband structure potentially offer additional diagnostics of the dynamics including in the quantum regime [24] , which further motivates such studies. In the present work we have analysed the N -dependence of the cavity output spectra, cooling dynamics, and optomechanical parameters. We show that the mechanical frequencies are slightly dependent on N and shift to slightly lower values with increasing N . The shift is however quite predictable so easily calculated from either numerics or analytically for N not too high.
In particular, asymmetries in the sidebands of the cavity output, arising from the effect of the ion trap drive and characterised by the ratio r(N ), were investigated. The r = 0 point provides a distinctive feature which can be investigated in future experimental studies. From the quantum linearised dynamics, it is to predicted to occur if ω 2 = 2ω d . We introduce a fast cavity model, which is valid only if κ ω M , but which gives further insight as it also produces an r = 0 point. We have also investigated and compared temperatures extracted from the simulated cavity output spectra with those obtained from standard optomechanical cooling rate expressions, but using period-averaged parameters. We conclude that although the cavity output spectra have a complex sideband structure, temperatures may still be reliably inferred which are consistent with those calculated directly from the displacement spectra. The corresponding frequencies depend on the applied voltages U AC and U DC respectively; In the absence of a cavity, the x, y, z motions are separable and are given by Mathieu equations,
for u = x, y, z and where a x,y = QU DC /(mω 
while a z = −a x and q z = −2q x . In the present study, U DC = 0 and no DC offset is applied.
Due to their importance in mass spectrometry, the Mathieu equations are well-studied (see [32] for a review). Since ω d ω T , the motions are adiabatically separable into fast micromotion (oscillations at ω d ) and a slower secular motion. However, the secular motion is not characterized by ω T ; rather, it is characterized by a distinct so-called secular frequency; for modest q u 0.9, the secular frequency is given by:
In the ion trap component of the hybrid trap, no static field is applied. However, provided transverse motions are of small amplitude relative to the beam waist, the optical mode provides an ( a ) Figure 5 . In order to calculate the optomechanical couplingḡ(N ) and hence the cooling rates, an essential parameter is the Paul trap frequency ω . This depends on the nanosphere charge Q which can vary each time a new nanosphere is loaded into the hybrid trap. ω 2 T is estimated by measuring the transverse (secular) frequencies of the trap, as well as the mechanical frequency, as explained in the Appendix. (a) Left panel illustrates a set of data where the amplitude of the y motion is sufficiently large to visibly modulate the cavity output intensity (typically, however, the amplitude of secular motions is too small to be so apparent). The asymmetric nature of the trajectory in this case is even apparent: the upper, more rounded features correspond to the particle turning point nearer the centre y = 0 of the optical beam; the lower, more pointed features correspond to a turning point further out (larger y) in the optical beam. (b) The low frequency part of the Fourier transforms of the cavity output data reveals ω s : in addition to peaks at ω s and its harmonics, there are also sidebands on the peak at the drive frequency.
approximate static potential. The Gaussian transverse confining potential F(y, z) = exp[−2(y 2 + z 2 )/w 2 ] represents an approximate harmonic potential for motions of amplitude w. This introduces an effective DC parameter a y = a z :
where n = |ᾱ| 2 is the photon number. For a non-ideal Paul trap, one must also define a trap efficiency :
The efficiency, which ranges from 0.1−1 in different traps is the ratio between the voltage required to obtain a given secular frequency, relative to the ideal Paul trap, and absorbs uncertainties in the effective trap dimension parameter r 0 . The value of Q inferred from ω T or q = Q is an effective charge for a trap where the efficiency is not accurately known.
Substituting (37) in (36) and using (7), we get an effective secular frequency that is a sum of the original ω 
where ω , andω M =ω M (N = 0) ≈ω M (N ) for modest N . Through the readout ofω M and the effective ω s (n) from the cavity output we can then infer q using (39) and ω 2 T using (38).
